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Abstract. We define the singular orbifold elliptic genus and i5-function 
for all normal surfaces without strictly log-canonical singularities, and 
prove the analogue of the McKay correspondence in this setting. Our 
invariants generalize the stringy invariants defined by Willem Veys for 
this class of singularities. We show that the ability to define these in- 
variants is closely linked to rigidity phenomena associated to the elliptic 
genus. 



1. Introduction 

Suppose Y = X/G is the quotient of a smooth variety X by a finite group 
G. There are two natural procedures for defining smooth invariants, such 
as Chern numbers and Hodge numbers, on the singular variety Y. First, 
one could resolve the singularities of Y and define smooth invariants on Y 
by using the data of the resolution. Alternatively, one could regard Y as 
an orbifold and define smooth invariants on Y using the orbifold data of 
{X,G). The observation that both procedures tend to be equivalent is the 
one interpretation of the McKay correspondence. 

In this context, we will focus on generalizations of the £^-polynomial and 
complex elliptic genus to singular varieties. The former encodes Hodge struc- 
ture data, the latter encodes Chern number data. Both invariants are natu- 
ral objects of interest in birational geometry. For example, the £^-polynomial 
is a universal object in the Grothendieck ring of varieties. And, by a result 
of Totaro, the elliptic genus encodes precisely those Chern numbers that are 
invariant under flops. [9] As seen in the work of Batyrev, Borisov, Libgober, 
and Chin-Lung Wang [3l SJ [H] , in order to generalize these invariants to the 
birational category, one has to extend the objects of study to include divi- 
sor pairs {X, D) which are Kawamata log-terminal. This just means that 
Kx — D is Q-Cartier, and that the discrepancy coefficients of any resolution 
of (X,D) are all greater than —1. Given these technical constraints on the 
singularities of {X,D), both the i?-polynomial and elliptic genus of (X,D) 
turn out to be functorial with respect to birational morphisms of pairs. 
This functoriality is in fact essential for ensuring that the given invariant is 
well-defined. 
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In this paper we will examine the following singular analogue of the 
McKay correspondence: Let X be a singular variety with a finite group 
action. As before, there are two natural procedures for defining smooth in- 
variants on the quotient Y = X/G: (1) we could resolve the singularities of 
Y and define smooth invariants on Y using the data of the resolution; (2) 
we could construct a G-equivariant resolution X ^ X, and define smooth 
invariants on Y using the orbifold data of {X,G). If X has at worst log- 
terminal singularities, it is known that these two procedures are equivalent. 

Unfortunately, for non-log-terminal singularities, poles appear in both 
the Batyrev and Borisov-Libgober-Wang expressions for the E'-function and 
elliptic genus. It is therefore unclear whether the above-described program 
even makes sense for varieties with worse than log-terminal singularities. At 
least for the non-orbifold case (i.e., procedure (1) described above) Willem 
Veys jlOj has succeeded in extending Batyrev's S-function to "almost all" 
normal surfaces without log-terminal singularities. Moreover this author 
[llj has extended Borisov and Libgober's singular elliptic genus to the same 
class of surface singularities investigated by Veys. It is therefore natural to 
conjecture that the same extensions can be carried out for the orbifold case 
(procedure (2)), and that the McKay correspondence can be verified in this 
setting. 

In what follows, we will verify this conjecture, and along the way reveal an 
interesting relationship between the extension of smooth invariants to non- 
log-terminal singularities and certain rigidity theorems on toric varieties. 



2. Preliminaries 

2.1. Singularities from the minimal model program. Let y be a nor- 
mal surface with Q-Cartier canonical divisor, and / : X — > y a resolution 
of singularities. We say that X is a log resolution if the exceptional curves 
oi f : X ^ Y are smooth with simple normal crossings. If U/S, is the 
exceptional locus of /, we define the discrepancies of Ei by the formula: 

I 

More generally, for any normal surface Y with Q-Weil divisor A C Y, and 
log resolution f : X ^ Y, we may define the pullback f*{KY — A) by the 
following procedure given by Mumford: Let A denote the proper transform 
of A with divisor coefficients equal to the corresponding coefficients of A. If 
we were in the smooth setting, we would define the discrepancy coefficients 
ai of Ei by the formula: 

Kx = nKY-A) + A + Y, a^Ei 

I 
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Multiplying both sides by Ej gives a system of linear equations 

KxEj -AEj = Y,aiEiEj 
I 

Since the matrix of intersection numbers {EiEj} is negative definite, we can 
always find a unique solution {oj} over the rationals. Note that the above 
equations make sense for any normal surface Y and Q-Weil divisor A. We 
therefore define f*{KY — A) = Kx — A — Yli ^nEi-, where the a^'s are given 
by the same set of equations. 

Thus, let y be a normal surface with Q-Weil divisor A. Let f : X he 
a log resolution with exceptional components U-Ej. Let D = o-iDi be the 
Q-Cartier divisor on X supported on UEi U A, whose coefficients aj satisfy 
the equation Kx - D = f*{KY - A). We refer to / : {X, D) {Y, A) as a 
log resolution of (1", A). The singularities of {Y, A) said to be: 

(1) log-terminal if Oj > — 1 for all i. 

(2) log-canonical if > — 1 for all i. 

(3) strictly log-canonical if Oj > —1 and at least some Oj = —1. 

These classifications are independent of the choice of log resolution. 

Remark 1. More generally, for any regular map between normal surfaces 
/ : X — > y, we will find it convenient to write / : (X, D) {Y, A) if the 
pull-back of Ky — A by / "makes sense", and Kx — D = f*{KY — A) as 
Q-Weil divisors. 

2.2. Stringy invariants. Let {X,D) be a smooth log-terminal pair, i.e., 
D = CLiDi is a sum of smooth divisors with simple normal crossings with 
ai > —1. Batyrev [3] defines the stringy E'-function of {X,D) as follows: 
For every subset J C I, let Dj = rijDj\ U jc Di. By definition, we set 
D^ = X\Ui Di. Then 

EMX, D- u,v) = Y, Einy, u, V) n 

JC/ J 

Here E{Dj; u, v) is the usual E'-polynomial of Dj given by the Deligne mixed 
Hodge structure on H*{Dj,C). 

The above definition of Egf^ may be interpreted as a motivic integral 
over the space Joo{X) if germs of arcs on X (see [5]). The change of 
variable formula from motivic integration implies that Egtj.{X,D]u,v) is 
functorial with respect to birational morphisms of divisor pairs. That is, 
if / : (X, D) — > (y. A) is a birational morphism of smooth log-terminal 
pairs, then Egtri^, D;u,v) = Estr{Y, A;u,v). This allows us to define the 
stringy i?- function for any log-terminal pair (Y, A), so long as Ky — A is Q- 
Cartier (in the lingo of the minimal model program, (Y, A) is Kawamata log- 
terminal). We define EgtriY, A; u, v) = Estr{X, D; u, v), for {X, D) {Y, A) 
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a log resolution. The definition is well-defined, since for any two log reso- 
lutions {Xi,Di) and {X2,D2), we can find a common resolution {M,D) 
making the following diagram commute: 

{M,D) > {X2,D2) 



. (y,A) 

We refer to the specializations Estriy, ^',u,l) as the stringy Xy genus of 
(y, A) and Estr{y, A; 1, 1) = CstriY, A) as the stringy Euler number. 

In the situation where Y = X/G, where G is a finite group acting on X, 
one can approach the problem of defining the i?-function of Y by making 
use of the orbifold data associated to {X,G). The resulting invariant is 
called the orbifold i5^-function of {X,G). For our purposes, it is convenient 
to define the orbifold £^-function for triples {X,D,G), which satisfy the 
following condition, known as G-normality: 

Definition 1. Let X be a smooth variety, and D = UD^ a smooth divisor 
with simple normal crossings. Let G be a finite group acting holomorphically 
on X and leaving D invariant. Then {X, D) is G-normal if for every p G X, 
and Di containing p, stsha{p)Di = Dj. 

Let {X,D = ^^aiDi) be a smooth G-normal pair. Following Batyrev, 
we proceed to define the orbifold £J-function Eorb{X, D, G; u, v). Fix g E G, 
and let X^ C X be a fixed component of g. Let K C I index the divisors Dfc 
containing X^. Then the normal bundle to X^ splits into a direct sum of 
character sub-bundles Na © 0^ 0{Dk)\x9, where g acts on Na by e^'^*" 
and acts on 0{Dk)\x9 by e^^*"*^. Define the fermionic shift of as 

F{g, D) = Y,Of rk(A^„) + ^^^(l + ak)ak 

a k 

For D = this is the usual expression for the Fermionic shift which comes 
from physics. Let C I index the set of gi-invariant components of D. 
For J C let C{g, J, X^) denote the subgroup of the centralizer of g that 
leaves X^ and J invariant. Then Eorb{X, D,G;u,v) is defined as 

[g],[X9] J CI" J ^ > 

The first two sums run over the conjugacy classes [g] of G and representatives 
[X^\ of C{g) orbits of components of X^ . As for the stringy ^'-function, 
Batyrev has shown that Eorb{X, D, G; u, v) is functorial with respect to G- 
equivariant birational morphisms of G-normal pairs. 

The relationship between EgtriX/G; u, v) and EorbiX, G; u, v) is the sub- 
ject of the McKay correspondence, which we will discuss at the end of this 
section. 
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Just as the stringy ^'-function provides a means of keeping track of Hodge 
number data under birational morphisms, a similar procedure exists for 
studying Chern numbers, which we now review. 

2.3. Elliptic genera. The elhptic genus Ell{X; z,t) of an almost complex 
manifold X is defined as the index of the operator: 

oo 

9 (g) A_yqn-lT"X A_y-lgnT'X (g) SgnT"X ^ SqnT'X. 

n=l 

Here T'X and T"X are the holomorphic and anti-holomorphic tangent bun- 
dles; At{E) and St{E) denote the formal sums of exterior and symmetric 
powers of tE; y = e^'^*^ and q = e^'^*'^. By Riemann-Roch, this index is 
given by the following integral involving the formal Chern roots Xi of T'X: 



r) 



Here r) is the Jacobi theta function. 

One sees from the above expression that special values of the elliptic genus 
produce many interesting geometric invariants. For instance, Ell{X; z,q = 
0) = y~'^/'^Xy{^)i where Xy is the Hirzebruch Xy genus, and Ell{X; ^,t) 
reproduces the signature. 

For (X, -D = ^ CLiDi) a smooth log-terminal pair, Borisov, Libgober, and 
Chin-Lung Wang [H |T3] have defined the elliptic genus of (X, D) by the 
formula: 



In the above formula, Di represent the classes ci{0{Di)). As in the case 
of the -E-function, Ell{X, D; z,t) is functorial with respect to birational 
morphisms of pairs. If (Y, A) is Kawamata log-terminal, we may there- 
fore define the singular elliptic genus Ell{Y, A; z, r) to be the elliptic genus 
Ell{X, D; z, r) for (X, D) — > {Y, A) a log-resolution. By the weak factoriza- 
tion theorem [T], any two log-resolutions of (1", A) factor into a sequence of 
blow-ups and blow-downs. Thus, functoriality of EU{X, D; z, r) with respect 
to birational morphisms ensures that this definition is well-defined. 

For (X,D) a G-normal pair, following [5], one can define the orbifold 
elliptic genus Ellorbi^, D,G; z,t) in a manner analogous to the definition 
given by Batyrev for the orbifold S-function. Though we will not need to 
do explicit calculations involving the orbifold elliptic genus, we include its 
definition here for completeness: 

For g,h €z G a commuting pair, let {X^'^} denote the connected com- 
ponents of their common fixed point locus. Fix one such component X^'^. 
The normal bundle N^g.h splits as a sum (Ba^a over irreducible characters 

for the subgroup (5, h). For x G (5, /i), let a{x) G Q n [0, 1) be the rational 
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number such that x acts on the fibers of as multiphcation by e^'^*"^^^ 
Fix also an irreducible component Di of D. If X^'^ C Di then x G [g, h) acts 
on the fibers of 0{Di)\^g,h as multiplication by e^'^"'^^) for some rational 

number ei{x) € Q H [0, 1). If X^'^ is not contained in Di, we define ej = 0. 
Of course the functions a and depend on the choice of the commuting pair 
{g, h) and on the connected component XS^'^ of X^'^. We will omit making 
explicit reference to this dependence in order to simplify the notation. The 
orbifold elliptic genus of (X, D,G) is then given by the formula: 

\G\ ^ ]x^^^ 

TT + "(g) - «(^)^ - ^) Mh)z ^ 

11 ^{^^+a{g)-a{h)T,r) 

Here the Chern roots of TX^' the Chern roots of N^, and 

Di = ci{0{Di)). One can show that the above formula coincides with 
Batyrev's orbifold Xy genus in the limit r — > zoo by making use of the 
Lefschetz fixed point formula. 

Finally, if (X, D) admits a torus action T that commutes with G, we define 
the equivariant orbifold elliptic genus Ellorb{X, D, G; t, z, r) by substituting 
all Chern data in the above formula by their equivariant extensions in the 
equivariant cohomology ring H^{X). See [T3] or [8] for details. 

As proven in [5j (see jilSj for the T-equivariant case), the orbifold elliptic 
genus is functorial with respect to equivariant birational morphisms of G- 
normal pairs. Since any two G-normal resolutions of a G-Kawamata log- 
terminal pair (X, D) can be connected by a sequence of G-normal blow-ups 
and blow-downs (see [5]), this functoriality allows us to define the singular 
orbifold elliptic genus of {X, D,G) by following the same procedure as above 
for the singular elliptic genus. As remarked above, the orbifold i?- function is 
also functorial with respect to equivariant birational morphisms of G-normal 
pairs. We therefore define the singular orbifold E-function similarly. 

2.4. The McKay correspondence. We first review the McKay correspon- 
dence in the log-terminal setting for the i?- function and the elliptic genus. 
Let X be a Q-Gorenstein normal variety with log-terminal singularities, 
and let G be a finite group acting on X. Let g : X ^ X/G be the quo- 
tient map. By the ramification formula, there exists a unique Q-Weil divisor 
Ax/G C X/G satisfying Kx = g*{Kx/G ~ ^x/g)- X and X/G are pos- 
sibly singular, we should clarify what we mean by the pullback of a Q-Weil 
divisor on X/G. Since X is normal, X/G is normal. In particular, X/G 
is smooth away from a codimension 2 subset. Let U denote the smooth 
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locus of X/G. Since g : X ^ X/G is a finite morphism of normal varieties, 
X\g~'^{U) has codimension at least 2 in X. Thus, if D is any Q-Weil divisor 
on X/G, we may define g*D by first restricting it to U , pulling it back by g, 
and then extending it uniquely to all of X. Note, moreover, that the normal- 
ity of X guarantees that (X/G, A^/g) is Q-Cartier. Given this clarification 
we have the following singular version of the McKay correspondence, which 
is implicit in the proofs of Batyrev pj , and Borisov-Libgober [5] : 

Theorem 1. 

Eorb{X,G;u,v) = Estr{X/G,Ax/G;u,v) 
EllorbiX, G; z, t) = ElliX/G, A^/g; ^, r) 

Note that the McKay correspondence for the T-equivariant orbifold ellip- 
tic genus is proven in |13j . 

Our goal in this paper is to prove the above theorem for surfaces without 
strictly log-canonical singularities. Since we can use the Mumford trick 
to pull back any Q-Weil divisor on a normal surface by a resolution of 
singularities, we do not require the Q-Gorenstein condition. 

2.5. Generalization to non-log-terminal singularities. Notice that we 
would have to divide by zero in the expressions for the ii^-function and 
elliptic genus of a {X,D) if any of the divisor coefficients = —1. This is 
the reason for the log-terminality condition in the definitions for the stringy 
i?-function and singular elliptic genus. In fact, even if {Y, A) possessed a log- 
resolution {X,D) with no —1 discrepancies, though with some discrepancy 
coefficients Oj < —1, one could still not conclude that Estr{Y, A;u,v) and 
EU(Y, A; z, t) were well-defined. For if {X' , D') were another log-resolution 
with no —1 discrepancies, it may happen that a —1 discrepancy appeared 
somewhere along the chain of blow-ups and blow-downs connecting {X, D) 
to {X',D'). Consequently we would have no way to compare, for example, 
Estr{X,D;u,v) with EstriX' ,D';u,v). 

Suppose, however, that y is a normal surface without strictly log-canonical 
singularities and {X, D) — > iY, 0) is the minimal log-resolution. Then Willem 
Veys |10] observed that the only components of D with —1 discrepancies are 
smooth rational curves that intersect at most two other curves at a single 
point. In general if Dt = has coefficient at ^ — 1 and intersects at most 
two other divisor components Dt,, at a single point, then the contribution 
of Dt to Estr{X, D;u,v) is easily computed as: 

{uv - l)^((n7;)(""*-^)(°'+^) + . . . + 1) 
- l)((nu)"*2+i - 1) 

where mt = —Dt ■ Dt- Since the above expression makes sense even in the 
limit as at — > —1, Veys defined the contribution to Estr{X, D;u,v) coming 
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from each —1 discrepancy to be equal to 

mt{uv — 1)^ 
- l)((nu)"*2+i - 1) 

This definition of Estri^, D; u, v) turns out to be functorial with respect to 
blow-ups, so long as the blow-ups do not occur at a generic point of Df. 

It turns out that we can associate to {X, D) a canonical Q-cone of divisors 
{A} so that EstriX, D; n, v) is equal to lim£_^o Estr{X, D + eA'; u, v) for any 
A' G {A}. We will discuss this issue in detail in section ([5]), and show how 
we can use this observation to define the orbifold i?-function and orbifold 
elliptic genus in this setting. The idea is based on the observation that every 
component Dt with coefficient at = —1 has a neighborhood U with the same 
structure as an open toric surface. A divisor A G {A} has the property that 
A\ij extends to a trivial Q-Cartier divisor A on a toric compactification 
U. Loosely speaking, the contribution to the ii^-function or elliptic genus 
of {X, D + eA) coming from U can be interpreted as the contribution from 
intersection data on U coming from the index of a differential operator on 
U associated to the trivial divisor A. Moreover, the triviality of A implies 
that this differential operator must vanish identically. These constraints are 
sufficient to prove that such intersection data on U is independent of the 
choice of A in the limit as e ^ 0. 

2.6. Outline. The outline of this paper is as follows: In section ([3]) we 
investigate a general class of normal surface pairs (called admissible pairs) 
for which the stringy i?-function, etc., are well-defined. Most importantly, 
we show that if X is a normal surface with a G-action, and without strictly 
log-canonical singularities, then (X, Ax/g) is admissible. This is of course a 
vital prerequisite to proving the McKay correspondence for normal surfaces 
in the non-log-terminal setting. In section ([4]) we review a useful rigidity 
theorem for an elliptic genus-like operator on toric varieties, which we will 
use later to show that our generalizations of the stringy E'-function and 
elliptic genus are well-defined. Finally, in section ([5]) we define Eorb and 
Ellorb for normal surfaces without strictly log-canonical singularities and 
prove the McKay correspondence for these invariants. We also discuss some 
closed formulas for some of these invariants and compute some examples. 

3. Admissible divisors on normal surfaces 

Definition 2. Let D = flj-Di be a smooth connected divisor with simple 
normal crossings on a smooth surface X. We say that Y2i ^i^i is admissible 
if it satisfies the following properties. For each a, = —1: 

(1) Di ^ 

(2) Either Di intersects one component Di^ at a single point, or Di inter- 
sects two components Djj, Di^ at a single point. 
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The above definition is motivated by the following theorem in [lOj: 

Theorem 2. Let p & Y be normal surface singularity which is not log 
canonical. Let tt : X ^ Y be the minimal log resolution of p. Then 7r^^(p) = 
yJi^jDi consists of the connected part ^Jiel ,ai<-iDi to which a finite number 
of chains are attached. If Dq,Di, ...,Dr is such a chain, Dq C K , Di = 
for 1 < i < r, ai > —1 and oq < ai < ■ • • < Or < 0. 

Thus, an admissible divisor is a generalization of the exceptional divisor 
obtained by taking the minimal log resolution of a surface singularity which 
is not strictly log canonical. Note that the strictly log-canonical surface 
singularities constitute only a finite number of cases. See, for example, [2]. 

If y is a singular normal surface and A C y a Weil divisor, we call 
{Y, A) an admissible pair if there exists a log resolution {X, D) (Y, A) 
satisfying the following two properties: {1) D C X is admissible. (2) For 
every component Di with = 0, DiDi < —2. The reasoning behind this 
second criterion is to ensure that any two resolutions of {Y, A) satisfying 
(1) and (2) may be connected by a sequence of blow-ups and blow-downs 
(Xi, Di) so that each of the divisors Di in this sequence is admissible. 

Admissibility appears to be a natural extension of the log-terminality 
condition for normal surfaces. For example, we have the following result, 
which will prove useful in the proof of the singular McKay correspondence. 

Let X be a normal surface without strictly log-canonical singularities, and 
let G be a finite group acting on X. li g : X ^ X/G is the global quotient, 
then as in section ()2.4p . we let Ax/g C X/G be the Q-Weil divisor satisfying 
Kx = g*{Kx/G - Ax/g)- Then we have: 

Proposition 1. [X/G, Ax/g) ^-^ '^^ admissible pair. 

We will require the following elementary fact from complex function the- 
ory: 

Lemma 1. Let H be a finite abelian group of automorphisms acting effec- 
tively on C. Then H is cyclic, given by rotation about a fixed point. 

Proof. Let g G H, g ^ e. Then since g lifts to an automorphism of which 
fixes oo, g must have a single fixed point p G C. If /i € -ff is any other 
element, then gh ■ p = kg ■ p = h ■ p. Since g has a unique fixed point in C, 
it follows that h ■ p = p. Thus, every element of H has the same fixed point 
p. It follows that H is a cyclic group given by rotations about p. □ 

We now proceed with the proof of proposition ([T|). 

Proof. Let {Yq,E) be a minimal G-log resolution of X. li Eq C E is a 
component with coefficient bo = —1, then by theorem ([2]), E = F'^ and Eq 
either intersects one component Ei or two components Si, £"2 C -E at a single 
point. Note that if 5 £ G fixes a point in Eq, then gEo = Eq, since the action 
of G must permute divisor components with the same coefficients (and all 
divisor components with —1 coefficients are pair- wise disjoint). Prom this 
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we can conclude that gEi = Ei'ii g fixes EiOEoji = 1,2. Thus, any further 
blow-ups required to make {Y, E) a G-normal resolution may be assumed to 
take place at points disjoint from Eq. We may therefore assume that (Yq, E) 
is already a G-normal pair. 

By G-normality, the stabilizer of every point in E is abelian. It follows 
that the subgroup H C G that leaves Eq invariant is abelian, since this 
subgroup must fix Eq f] Ei. If Ieq C H is the cyclic inertia subgroup that 
fixes E, then H/Ieq = Hq is an abelian group acting effectively on Eq and 
fixing Eq n El. If Hq ^ {e}, then by lemma ([I]), i^o is the cyclic group of 
rotations about EqCiEi. In particular, either Hq = {e}, in which case the 
image of Eq under the map Yq — > Yq/G is smooth, or Hq fixes two points 
p,q & Eq, and the image of Eq\{p, q} is smooth. 

We now construct a resolution of singularities {Z,A) of {X/G, Ax/g)- 
After applying further blow-ups away from E, we may obtain a G-normal 
resolution of (Yq , E) with the property that every point in the resolution has 
an abelian stabilizer. For simplicity, we continue to refer to this resolution 
as {Yq,E). Since Yq has abelian stabilizers, the quotient variety Yq/G has 
at worst toric singularities. Let {Z,A) {X/G, Ax/g) be the smooth log 
resolution obtained by a minimal toric resolution of the singularities of Yq /G. 
After a finite sequence of equivariant blow-ups, we may obtain a resolution 
{Y,D) {Yq,E) and a smooth toriodal morphism Y ^ Z such that the 
following diagram commutes. 

Y > Z 



X > X/G 

In the preceding analysis, we proved that for any component Eq C Yq with 
coefficient = —1, we can find two points p,q (z Eq so that the image of 
1^o\{Pj q} under the quotient Yq ^ Yq/G is smooth. By our construction of 
g : Y ^ Yq, it follows that no curve in the exceptional set of g gets mapped 
to EQ\{p,q}. In particular, the proper transform of Eq in Y intersects at 
most two components of D; i.e., {Y,D) remains an admissible pair. 

We now prove that (Z, A) is admissible. Let UDj and UAj denote the 
components of D and A. Let bj and at denote their corresponding coef- 
ficients in D and A, repsectively. Since / : (Y, D) — > (Z, A) is a toroidal 
morphism with respect to the intersection data of D and A, Ky + ^Dj = 
f*{Kz + Since we also have that Ky - D = f*{Kz - A), we get 

that 

riKz - ^i^i) = f*iKz + Y^^- Yia^ + l)Ai) 
= Ky + Y.Dj- ^(Oi + 1)/* A, 
= Ky-Yb,D, 
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From the last two equations we can conclude that if Di maps to Aj with 
ramification rj, then 

(1) bi = -l + ri{ai + l). 

It follows that 6j = — 1 iff Oj = — 1. Since D is already admissible, we need 
only check that if aj = 0, AjAj < —2. From the above equation, we must 
have that hi = ri — 1. By theorem ([2|), this can only happen if hi = 0. In 
other words, Aj must be an exceptional component of the toric resolution 
Z — 5- Yo/G. Since we chose this resolution to be minimal, we must have that 
^i^i < —2. This completes the proof that [X/G^ /S.x/g) is an admissible 
pair. □ 

4. Rigidity and vanishing theorems on toric varieties 

Let X be a smooth toric variety with toric divisors Di,...,D£ and big 
torus T. Consider the following T-equivariant vectorbundle over X, which 
we denote by £ll{ai, ai): 

e oo 

(g) (g) A_^.,gn-lO(-A) ® A_y-a,,nO(A) ® SgnO{-Di) ® SgnO{Di) 

i=l 71=1 

The following theorem is proven in jl2] . Very similar results are also proven 
by Hattori in [7J. 

Theorem 3. Assume aiDi + ... + aiDi = as a Cartier divisor for some 
choice of integers ai,...,a^. Then the T-equivariant index of £ll{ai, a^) 
vanishes identically. 

In fact, the theorem continues to hold if we merely assume that Cj G Q and 
that aiDi + ...+aeD£ = as a Q-Cartier divisor. This is because for any inte- 
ger m satisfying mcj € Z, we must have that XT{£ll{jm^i-> ■■■■,'mai)) = 0. By 
the fixed point formula, it is easy to see that /(m) = xtC^'^^w-oij ■■■,ma£)) 
is a meromorphic function in the variable m. Since f{m) = for infinitely- 
many m, we must have that /(m) vanishes for all m, and in particular, for 
m = 1. 

Corollary 1. Let (X,D) denote a toric Calahi-Yau pair. That is, D = 
Y^aiDi is a Q-Cartier toric divisor .such that Kx — D = 0. Then 

Ell{X,D;t,z,T) = 0. 

Proof. As proven in [12j, Ell{X, D;t, z,t) corresponds to the equivariant 
index of £ll{ai + l,...,a£ + 1), up to a normalization factor. Since Kx = 
—Di — ... — A on a toric variety (see [6]), the Calabi-Yau condition im- 
plies that X^(ot + 1)-Dt = 0. It follows that Ell{X, D;t, z,t) must vanish 
identically. □ 

The above results imply the following interesting rigidity theorem for the 
orbifold elliptic genus of a toric variety: 
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Corollary 2. Let (X, D) he a toric Calabi-Yau pair and G C T a finite sub- 
group. Then the T-equivariant orbifold elliptic genus EUorbi^, -^j t, z, r) 
vanishes. 

Proof. After replacing {X, D) by a finite sequence of toric blow-ups / : 
(X, D) {X, D), one can construct a smooth toric morphism fi : {X, D) — > 
(y, A) birational to the quotient by G with ^*{Ky — A) = K^^ — D = 
f*{Kx — D). By the equivariant McKay correspondence [13j and functori- 
ality of the equivariant orbifold elliptic genus with respect to blow-ups, the 
equivariant orbifold elliptic genus of (X, D, G) equals the equivariant elliptic 
genus of (y, A). The fact that {X, D) is a toric Calabi-Yau pair implies that 
(y, A) is also Calabi-Yau. It follows that Ellari,[X, D,G]t, z^t) = 0. □ 

An interesting immediate consequence of the above result is a vanishing 
theorem for the orbifold S-function of a toric Calabi-Yau pair (where we 
again assume that the orbifold is a quotient by a finite subgroup G C T). 
To see this, note first that the vanishing of the orbifold elliptic genus of a 
toric Calabi-Yau pair (X, D) implies the vanishing of the orbifold Xy genus 
of {X,D). However, it is easy to verify that the orbifold E'-function of a 
toric pair {X, D) is obtained from the orbifold Xy genus by setting y = uv. 
Summarizing: 

Corollary 3. Let {X,D) be a toric Calabi-Yau pair, andG a finite subgroup 
of the maximal torus. Then the orbifold E-function, Eorb{X^ D, G; u, v) = 0. 



5. Orbifold invariants and the McKay correspondence 

To define the singular orbifold elliptic genus or stringy orbifold £J-function 
in the non-log-terminal setting, we first note that the formulas for the orb- 
ifold elliptic genus and E'-function for any smooth G-normal pair (X, D) 
make sense as long as all the coefficients a, of the components of D are 
not equal to —1. In the more general case where {X,D) is an admissi- 
ble pair, it is therefore natural to attempt to define Ell(X,D,G; z,t) and 
E{X, D, G; u, v) by introducing a perturbation Oj + ebi to the coefficients of 
D, and then declaring the orbifold elliptic genus and orbifold i?- function of 
{X, D) to be the limit as the perturbation parameter tends to zero. 

As we will show below, the admissibility criterion guarantees that such 
a limit always exists. In general though, the value of the limit will depend 
on the choice of the perturbation. To give an example on the level of the 
stringy Xy genus, suppose that Dq has coefficient oq = —1 and intersects two 
divisors Di,D2 with coefficients ai and 02. Consider a perturbation Oi + ebi 
of these coefficients. Then the contribution of Dq to the stringy Xy genus of 
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{X, ^{a-i + ebi)Di) is equal to: 

{y - 1)2 

Xy{Do n ^l)(ye6o + 

(y - 1)2 ^ y - I 

Xy{Do n D2)j^^^^^^^Yj(]^YT^^T^br^ + ^y^^o)yebo_i 
(y-l)2(y^(^i+^2) -1) 

~ (^ysbo — l'j(^yl+ai+ebi _ I'j(^yl+a2+£b2 _ ]^) 

In the last equality, we have used the relation ai + a2 + 2 = which follows 
from the adjunction formula. It is easy to see that the limit as e ^ in the 
above formula depends on the choice of bi,b2, and 63. Notice, however, that 
if + 62 = n^-bs for some positive integer m, then 

(y-l)2(2/^(''i+''2)-l) 

(^ysbo _ l'j(^yl+ai+ebi _ I'^(^yl+a2+eb2 _ 1) ~ 

(y-l)^(y"^°("^-^) + ... + 1) 

^yl+ai+ebi _ I)(^yl+a2+e62 _ 1) 

and the limit of this expression as e — > depends only on m. Thus, one might 
attempt to solve this perturbation problem by requiring the perturbation 
coefficients to satisfy 61 + 62 = mbo for some appropriate choice of m. In 
fact, one can show that the only choice of m which makes the corresponding 
stringy Xy genus invariant under blow-up is m = —DqDq. In this case, one 
recovers the stringy Xy genus of Willem Veys [JLOJ. It is less clear, however, 
that this procedure continues to work for more exotic invariants, such as the 
equivariant orbifold elliptic genus. As we will see however, the feasibility 
of this approach for all stringy invariants may ultimately be explained by 
rigidity phenomena associated to the equivariant orbifold elliptic genus. 

The choice 61 + 62 = —DoDobo is clearly equivalent to requiring ci(6iL>i + 
b2D2+boEo)\EQ = 0. In what follows, we will see that this is the crucial prop- 
erty of a perturbation divisor which makes the e — > limit of a perturbed 
stringy invariant well-defined and independent of the choice of perturbation. 

Definition 3. Let (X,^ aiDi) be a smooth admissible pair. We say that 
Ae is a null-perturbation if = ^ ehDi and for any aj = —1, bj / 0, and 
ci(A,)|d, =0. 

We now proceed to define the orbifold elliptic genus of G-normal divisor 
pairs. 

Definition 4. Let {X, D) be a G-normal admissible divisor pair, and let 
Ae be a null-perturbation. Then we define 

EllorbiX, D, G; z, t) = lim Ellorb{X, D + A^, G; z, r) 

£-+0 

Similarly, we define the orbifold E'-function 

Eorb{X, D, G; u, v) = lim EorbiX, D + A^, G; u, v) 
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If {X, D) admits a T-action which commutes with G and leaves D invari- 
ant, we define the equivariant orbifold elhptic genus Ellorb{X, D,G;t, z,t) 
similarly. In order to make sense of the above definitions, we need to ver- 
ify that (1) the limits exist, and (2) that the limits are independent of the 
choice of null-perturbation. To do this, we will make use of the rigidity 
theorems given in section To summarize, we wish to prove the following 
proposition: 

Proposition 2. Let {X,D) be G-normal, admissible. Assume that X ad- 
mits a torus action T that commutes with the action of G and preserves D. 
Let Ag be a null-perturbation. Then 

lim EllorbiX, D -\- As, G; t, z, r) 

and 

lim Eorb{X, D + Aj, G; u, v) 

e— >0 

exist and are independent of the choice of null-perturbation. 

Proof. For simplicity, we may assume that T = S^. Note that we allow for 
the possibility that the action is trivial. Let A^ C X be a null-perturbation. 

Fix a divisor component Dt with at = —1. Let H C G he the subgroup 
that leaves Df invariant. As shown in the proof of proposition ([T]), is 
abelian. Now Dt has a T x //-invariant open neighborhood isomorphic to 
the total space of the bundle 0{-mt) If we regard this neighborhood 

as a toric variety, it is easy to see that T and H act on 0{—mt) as subgroups 
of the maximal torus. We therefore reduce our analysis to the toric situation 
as follows: 

Let Dt^. , /c < 2 be the divisors intersecting Dt with coefficients at^. . Con- 
sider the toric variety x P^ with toric divisors Di = {0} x P^, D2 = 
P-*^ X {0}, D^ = {00} X P-*^, and D4 = P^ x {00}. Assign coeffients atj^,at2 
to Di and D2, and coefficients —at^ — 2, — ajj — 2 to D^^D^. Then all these 
coefficients are distinct from —1, and 

ETpixpi - at^Di - at.^D-2 + {at-, + 2)D^ + {at^ + 2)1)4 
= i^pixpi — -Dpixpi = 

Blowing up P^ X P^ at Di n D2 produces an exceptional divisor E = F'^ 
with discrepancy coefficient equal to —1. Let p (z E he a fixed point of 
the action by the maximal torus. Let Y he the toric variety obtained by 
blowing up at p mt — 1 times. Then the proper transform of E (which we 
continue to refer to as E) has discrepancy coefficient equal to —1 with regard 
to the map / : y — > P^ x P^. Define Dy to be the toric divisor satisfying 
Ky — Dy = /*(irpixpi — -Dpixpi)- It is easy to see that E intersects two 
components Ei,E2 of Dy with coefficients at, and ajj. Moreoever, as for 
Dt, E has a toric open neighborhood isomorphic to the total space of the 
bundle 0{—mt) P^. Since both T and H may be regarded as subgroups 
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of the maximal torus of 0{—mt), the T and H actions on this neighborhood 
extend naturally to all of Y. 

Let Ae|/5^ = e{biDt^ +b2Dt2 +bDt)\Df The condition that ci(Ae)|£)j = 
implies that the divisor hiEi + 62-E'2 + bE is linearly equivalent to zero over 
the open neighborhood 0{—mt) of E. The set of toric Cartier divisors 
linearly equivalent to zero is in one-to-one correspondence with the set of 
linear functionals in the dual lattice of the toric variety. It follows that 
biEi + 62-E'2 + bE is the restriction to 0{—mt) of a Cartier divisor on all of 
Y that is linearly equivalent to zero. Denote this divisor by Ay. 

It is easy to see that the contribution coming from Dt to the expression 
for Ellorh{X-,E) + A£,G;i,2;, r) is equal to [G : H] times the contribution 
coming from E to the expression for EllorbiY, Dy + eAy , ff; t, z, r). Denote 
this contribution by F(£,t,z,T), and the remaining terms in the expression 
iov Ellorb{Y,DY + eAY,H;t,z,T)hy G{e,t,z,T). Since Ky - Dy -e Ay = 0, 
corollary ([2]) implies that 

Ellorb{Y, Dy + eAy, H; t, z, r) 
= F{e, t, z, t) + G(e, t, z, r) 
= 

for all £. Since G{£,t, z,t) does not involve any divisor terms with — 1 
coefficients, lime^o G{e, t, z, r) exists and is independent of the coefficients 
of Ay. It follows that limi;—,QF{e,t,z,T) exists and is independent of the 
coefficients of Ay. This completes the proof for the case of the orbifold 
elliptic genus. The case for the orbifold i?-function follows the same analysis 
upon applying corollary ([3]) in place of corollary ([2]). □ 

As in the log-terminal setting, the orbifold elliptic genus and stringy E- 
function of an admissible pair satisfies the following functoriality property 
with respect to birational morphisms: 

Theorem 4. Let {Y,Dy) be a smooth, G-normal, T-equivariant admissible 
pair and f : {X,Dx) (Y,Dy) a G x T equivariant blow-up. Then 

Ell^b{X, Dx , G; t, z, r) = Ellorb{Y, Dy , G; t, z, r) 
Eorb{X, Dx,G; u, v) = Eorb(Y, Dy, G; u, v) 

Proof. We prove the case for the £J-function. The case for the orbifold elliptic 
genus is exactly the same. Let A^ C y be a null-perturbation with respect 
to the divisor Dy. Since f*Air ■ Dt = A^ ■ f^Dt, /*Ae is a null-perturbation 
with respect to Dx- Since Kx - Dx - f*Ae = f*{Ky - Dy - A^), 

E^b{X, Dx + f*Ae, G; u, v) = Eorb(Y, Dy + A^, G; u, v) 



by functoriality of the orbifold i?-function for pairs. Taking the limit as 
e ^ completes the proof. □ 
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We may consequently define the singular orbifold elliptic genus and sin- 
gular orbifold E-function for any G-equivariant admissible pair (Y, A) as 
follows: For {X, D) (Y, A) a G-normal admissible resolution, we define 

EllorbiY, A, G; z, r) = EllorbiX, D, G; z, r). 

We define the orbifold £^-function and equivariant orbifold elliptic genus of 
(Y, A) similarly. By the above proposition, the definition is independent of 
the choice of admissible resolution. 

5.1. Singular McKay correspondence. First, recall the following defi- 
nition of a toroidal morphism: 

Definition 5. Let /u : {Y,D) iZ,A) be a map of smooth varieties with 
simple normal crossing divisors. Note that the intersection data of the com- 
ponents of D and A induce a stratification on Y and Z. We say that is a 
toroidal morphism if: 

(1) : /i : Y\D — > Z\A is an unramified cover. 

(2) : n maps the closure of a stratum in Y to the closure of a stratum in Z. 

(3) : Let Uz be an analytic neighborhood of z G Z such that the components 
of A passing through z correspond to coordinate hyperplanes. Then for 
y G fi~^{z), there exists an analytic neighborhood Uu of y such that the 
components of D passing through y correspond to coordinate hyperplanes 
of Uy. Moreover, the map Uy — > Ux is given by monomial functions in the 
coordinates. 

We are now in a position to state and prove the singular McKay corre- 
spondence for surfaces in the non-log-terminal setting. 

Theorem 5. Let G be a finite group acting holomorphically on a normal 
surface X. Assume X does not have strictly log-canonical singularities. 
Moreoever, let T be a compact torus that acts on X and commutes with the 
action of G. Then 

Ellorb{X,G;t,z,T) = Ell{X/G,Ax/G,t,z,r) 

and 

Eorb(X,G;u,v) = Estr{X/G,Ax/GiU,v) 

Proof. Let : X ^ X/G be the global quotient map. As in the proof of 
proposition ([T|), we may construct the following commutative diagram: 

iY,D) (Z,A) 
(X,0) {X/G,Ax/g) 



SINGULAR MCKAY CORRESPONDENCE FOR NORMAL SURFACES 



17 



Here the vertical maps are resolutions of singularities. It is evident from 
the construction of the above diagram in proposition ([T]) that the map 
/i : {Y,D) — > {Z,A) is a toroidal morphism. Moreover, all the maps are 
equivariant with respect to the T-action. 

Let C Z he a null-perturbation with respect to A. Then equation ([T]) 
implies that fj.*A^ is a null-perturbation with respect to D. It suffices to 
prove the equations 

Ellorb{y, D + 1^1* Ae, G; t, z, r) = Ell{Z, A + A^; t, z, r) 
Eorb{Y, D + n*Ae,G; u, v) = Estr{Z, A + A,;u,v) 

For then the singular McKay correspondence follows after taking the limit 
as e ^ and applying functoriality of the elliptic genera and i?-functions 
with respect to the vertical arrows in the above diagram. 
We have thus reduced the problem to proving 

(2) EUorbiY, D', G; t, z, r) = EU{Z, A'; t, z, r) 

(3) Eorb{Y, D\ G- u, v) = EstriZ, A'; n, v) 

where /i : (Y,D') — > (Z, A'), and where D', A' are Q-divisors with the 
same components as D and A, but with no —1 coefficients. For notational 
simplicity, we continue to write D and A for D' and A'. 

The case for the equivariant orbifold elliptic genus follows the exact same 
argument as the proof of theorem (7) in [13j. We therefore prove the case 
for the ii^-function. Let Dj, j & J denote the components of D, and Aj, 
i (z I denote the components of A. Let Y° = Y\ Uj Dj, and define Z" 
similarly. By our construction of (Y, D) and {Z, A), if Y^ ^ for any g ^ e, 
then Y^ must intersect a component of D. It follows that the contribution 
to EorbiY, D,G;u,v) coming from C J is given by E{Y" /G;u,v). Since 
the map fi : Y° — s- Z" is simply the quotient by the free action of G, we 
have that E{Y° /G;u,v) = E{Z";u,v). This is precisely the contribution to 
EstriZ, A]u,v) coming from C /. 

Next consider the contributions to E^rb and Egtr coming from one-element 
subsets of J and /. The contribution to EgtriZ, A]u,v) coming from the 
subset {Aj} is clearly given by 

^, . r. ^ uv — 1 

E(A°;u,v)- — — 

where is the coefficient of Aj in A. Let -Dj C D be a component that 
maps to Aj under //. Then the coefficient bi of Aj is — 1 -|- rj(aj -|- 1), where 
Tj is the order of the cyclic inertia subgroup Aj C G that stabilizes -Dj. 
The contribution to EorbiY, D,G;u,v) coming from G-orbits of {-Dj} and 
conjugacy classes [g],g € Aj is equal to: 

k=0 ^ ' 
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Here Ck is the subgroup of G that leaves invariant and commutes with 
k G Zn — Aj. In fact, Ck = InvciDi) for all k. For if A: G A, and x E 
luvciDi), then x~^hxh~^ clearly equals the identity map on Di and acts 
trivially on the normal bundle to Di. It follows that x~^hxh~^ = e since 
the action of G is effective. Since Z)°/InvG'(Z)j) = A°, (|4|) reduces to: 

r —1 

(5) ^M*^^"'+'^^(A°;n/ ^ ''''"^ 

A;=0 

Making use of the identity 



(^t^;)r,(a,+l) _ I 



fc=0 ^ 

we may therefore identify expression ([5]) with £'(A°; u, v) ■ 

It remains to show that the contribution to Egtri^, ^',u,v) coming from 
two-element subsets /' C / is equal to the contribution to Eorb{Y, D, G; u, v) 
coming from two element subsets J' C J, and from conjugacy classes [^f] 
that fix isolated points. 

Since ([2|) holds for the orbifold elliptic genus, it must hold also for the 
Xy genus. Setting u = 1 in the above computations proves also that the 
contribution to Xyi^i ^) coming from and one-element subsets of / corre- 
sponds to the contribution to Xy(Xy G) coming from 0, and from G-orbits 
of one-element subsets together with the the conjugacy classes of elements 
in the corresponding inertia subgroups. These two facts together imply that 
the contribution to Xy{^^^) coming from two-element subsets is equal to 
the contribution to Xyi^^ D,G) coming from two-element subsets and from 
conjugacy classes [g] that fix isolated points. Since both such contributions 
involve summations over isolated points, by setting y = uv we obtain the 
formula for the contribution of these points to the orbifold and stringy E- 
functions. This completes the proof of ([2]) for the i?-function. □ 



5.2. Closed formulas for stringy invariants. We compute a closed ex- 
pression for Eorb{X,D,G;u,v), where {X,D) is G-normal, admissible. Let 
D = Y^j- QiDi. Let T d I index the set of all divisors with at = —1. For such 
a divisor Dt , let ,k<2 denote the divisors which intersect Dt . For sim- 
plicity assume k = 2; the case /c = 1 is analogous. Fix a null-perturbation 
Agr = ^ebiDi. Define Gt C G to be the subgroup that fixes Dt. We 
first compute the contribution to Eorb{X,D,G; ,u,v) coming from Dt and 
g Gt- Throughout, it will be convenient to make the change of variable 
w = uv. 

Note first that if +J C F, then A n L>} = unless J C {t,ti,t2}. 
Moreover, Dt D Dj/C{g,Dt,J) = A n Dj. Therefore, the contribution 
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coming from Dt and g is given by: 



lim Yl w^'^^'^+^^^EiD};u,v)ll 



w — 1 



w 



:l+aj+ebj _ -j^ 




Here mt = —DtDt- Next, suppose that g acts invariantly on Dt without 
fixing it. Then, as shown in the proof of proposition ([T]), g acts on Dt 
via rotation around the points pk = Dt H Dt,,. Let a G Q fl [0, 1) be the 
infinitesimal weight of the g action on the tangent space to Dt at pi. Then 
1 — a is the corresponding infinitesimal weight at p2. Let 71, 72 € Q H [0, 1) 
denote the infinitesimal 5- weights on the normal bundle to Dt at pi,P2- For 
ease of notation, let a = a^^ + 1, 61 = , and 62 = bt2- Then the contribution 
from g and Dt to Eorb{X, D,G; ,u,v) is given by 



By a straight-forward but tedious computation, this limit evaluates to 

w°"'{amt + 71 - 72 + - a)mt + 72 - 7i)}iw - 1)^ 

As a check, we may verify that this expression treats pi and p2 on equal 
footing. Call the above expression H(t,g). 

Now for any g & G let Ti{g) index the set of C{g)-oih\ts of divisors [Dt\ 
such that g G Gt- Let T2{g) index the set of C(5)-orbits of divisors [Dt] such 
that g € Inv G{Dt)\Gt. Then, putting the above calculations together, we 
obtain the following closed expression for Eorbi^, D, G; u, v): 



Note that the summands on the second line do not depend on the choice of 
representatives g G [g] ot t G [t]. Also, setting G = {e}, we recover Willem 
Veys' expression for the stringy i?-function of the admissible pair {X,D). 

The above computation provides a direct verification of proposition ([2]) 
for the case of the orbifold i?-function. For more exotic invariants, such 
as the orbifold elliptic genus (or its equivariant analogues), a correspond- 
ing verification by direct computation appears substantially more difficult. 
However, we do have the following explicit formula for the ordinary elliptic 
genus of a smooth admissible pair. Letting Xj denote the formal Chern roots 
of TX, and using the same notation above for the coefficients of D, we have: 




Eorb{X\ Ut Dt,D + Y, Dt, G; u, v) + 



T 
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Proposition 3. The elliptic genus of a smooth admissible pair {X, D) is 
given by: 



n 



Ix^^ ^(^ - zMa. + l)z) 

z^(^ + 2zMz) ^ ^ d{at,zmat, + 2)z) 
ii A(Dt I ^^„q/'o^^ * 



Note that for ease of notation we omit the dependence on r in the above 
formula. For a proof, see 

5.3. Examples. We give some examples of the above results which shed 
some light on what types of data we can expect estriX,D) to encode in 
the non-log-terminal setting. Let G C GL(3, C) be a finite subgroup that 
acts effectively on = ¥{x : y : z) and preserves a smooth curve C of 
degree d > 3. Let / be the defining equation for C and Vf C the 
affine hypersurface cut out by /. Then the McKay correspondence gives the 
following simple formula for estriVf / G , Ay^. /q): 

Corollary 4. estriVf/G,Ay^./G) = - d 

Proof. Let g -.Y ^ Vfhe the proper transform of Vf obtained by blowing up 
at the origin. Then since / defines a smooth curve in P^, y is a resolution 
of singularities with exceptional set G and Ky + {d — 2)G = f*Ky^. Let 
act on via the diagonal action. Then commutes with G and descends 
to an action on Vf with a single fixed point. The induced S'^-action on Y 
acts freely on Y\G and fixes G. Since G also acts freely on Y\G, the orbifold 
Euler number of {Y, (2 — d)G, G) reduces to: 

CorbiY, (2 - d)G, G) = Y, e{GyG{g))-^ 

[g] 

Since the action of G on is effective, for all g ^ e, the fixed locus of g 
must be a proper linear subspace. Hence, g fixes only finitely-many points 
of C, since G is not a linear subspace. In particular 

Here, the last equality follows from the ordinary McKay correspondence. 
An easy computation gives that e{G/G, Ac/g) = e(C/G) + B where B = 
^(fj — l)pi is the degree of the branch divisor in the Riemann-Hurwitz 
formula for the map G G/G. Thus, 

eiG/G,Ac/G) = e{G/G) - e{G) + \G\e{G/G) 
= {l + \G\)e{G/G)+2g-2 
= {l + \G\)e{G/G) +d{d-3) 
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The formula in the corohary then follows from the McKay correspondence. 

□ 

Remark 2. In the above formula, it is interesting to examine the case 
d = 3 and |G| = 1. In this case e{C/G) = 0. If it were possible to cancel 
the expression ^ would arrive at the candidate value —3 = 

GstriVf), where Vf now has an isolated elliptic singularity. In fact, this is 
the answer one obtains for estr{yf) if one applies the perturbation by an 
ample divisor approach to defining Cstr {Vf) [mill- This suggests that there 
may be a way to make sense of the McKay correspondence for surfaces with 
elliptic singularities. 

Remark 3. For d = 1, the above formula gives estr(V//G, Ay^/^j) = 
This is in agreement with the classical McKay correspondence, since the 
conditions on G in the above proof force G to be abelian for the case d = 1. 

Again, let /(x, y, z) be a homogeneous polynomial of degree d ^ 3 which 
defines a smooth curve in P^. Let Vy C be the affine hypersurface cut out 
by /. Let G = Z„ act on C'^ by the diagonal action. Since / is homogeneous, 
this action clearly descends to Vf, and we have the following simple formula 

for estr{Vf/G,Av^/G)- 

Corollary 5. estr{Vf/G, Avj,/g) = nd = d ■ CstriC^ /G, Aca/g)- 

Proof. Again, we resolve Vf by blowing up at the origin, acquiring the ex- 
ceptional curve C. As in the proof of corollary (|4]), we have the following 
formula: 



eUVf,G) = J2<CyC{g))^ 

[9] 

Since G is fixed by G, e{C9/C{g)) = e(C) = 2 - 2g = d{3 - d). Since 
G = Tjn, the first equality follows. The second equality follows from the 
ordinary McKay correspondence for the log-terminal variety C^/G. □ 

In fact, we can do a bit better and compute the stringy Xy genus, i.e., 
EstriVf/G, Avj/g; y, !)• We have Eorb{Vf, G; y, 1) is equal to: 

E E{C; y, = " ■ - + 



Thus, Estr{Vf/G,Av^./G;yA) 



y^-l d{3-d) 
yS-rf-l 2 



References 



[1] Dan Abramovich, Kalle Karu, Kenji Matsuki, and Jaroslaw Wlodarczyk. "Torification 
and factorization of birational maps." J. Amer. Math. Soc, 15(3):531-572 (electronic), 
2002. 



22 



ROBERT WAELDER 



[2] Flips and abundance for algebraic threefolds. Societe Mathematique de France, Paris, 
1992. Papers from the Second Summer Seminar on Algebraic Geometry held at the 
University of Utah, Salt Lake City, Utah, August 1991, Asterisque No. 211 (1992). 

[3] Victor V. Batyrev. "Non-Archimedian integrals and stringy Euler numbers of log- 
terminal pairs." J. Eur. Math. Soc. (JEMS), l(l):5-33, 1999. 

[4] Lev Borisov and Anatoly Libgobcr. "Elliptic genera of singular varieties." /)Mfce Math. 
J., 116(2):319-351, 2003. 

[5] Lev Borisov and Anatoly Libgober. "McKay correspondence for elliptic genera." Ann. 
of Math. (2), 161(3):1521-1569, 2005. 

[6] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics 
Studies. Princeton University Press, Princeton, NJ, 1993. The William H. Roever 
Lectures in Geometry. 

[7] Akio Hattori. "Elliptic genera, torus orbifolds and multi-fans. II." Intemat. J. Math., 
17(6):707-735, 2006. 

[8] Jun Li, Kcfeng Liu, and Jian Zhou. "Topological string partition functions as equi- 

variant indices." Asian J. Math., 10(1):81-114, 2006. 
[9] Burt Totaro. "The elliptic genus of a singular variety." In Elliptic cohomology, volume 

342 of London Math. Soc. Lecture Note Ser., pp. 360-364. Cambridge Univ. Press, 

Cambridge, 2007. 

[10] Willcm Veys. "Stringy invariants of normal surfaces." J. Algebraic Geom., 13(1):115- 
141, 2004. 

[11] Robert Waelder. "Singular elliptic genus of normal surfaces." preprint, 
math.AG/0711.4453. 

[12] Robert Waelder. "Equivariant elliptic genera." Pacific J. Math., 235(2):345-377, 2008. 
[13] Robert Waelder. "Equivariant elliptic genera and local McKay correspondences." 

Asian J. Math., 12(2):251-284, 2008. 
[14] Chin-Lung Wang, "if -equivalence in birational geometry and characterizations of 

complex elliptic genera." J. Algebraic Geom., 12(2):285-306, 2003. 



RWAELDER@MATH .UIC.EDU 



